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SUMMARY

We perform iterative inversion of long-period seismic waveform data to determine
simultaneously the 3-D structure of the upper and uppermost lower mantle and earth-
quake source parameters. We perform direct inversion of the observed data using
the methods of Geller & Hara (1993) and Hara (1997), thus intermediate parameters
such as ‘splitting functions’ are not used. We analyse data in the period bands 178185,
282-299 and 347-376 s using the Direct Solution Method (DSM) to compute synthetic
seismograms and their partial derivatives. A wide range of modal coupling is considered
in these computations. We conduct numerical experiments that show that neglecting
toroidal-spheroidal coupling can significantly bias estimates of 3-D Earth structure for
the period band 282-299 s; note that previous studies for this band generally did not con-
sider such coupling. A numerical experiment for the period band 347-376 s suggests that
our inversion approach can extract more information on odd angular order structure
for the period band 347-376 s than previous techniques.

Key words: Direct Solution Method, lateral heterogeneity, normal modes, surface
waves, toroidal-spheroidal coupling, waveform inversion.

1 INTRODUCTION

Accurately determining 3-D seismic Earth structure will con-
tribute to improving our understanding of the dynamics of
the Earth’s interior. Low-frequency seismic data are useful for
this purpose, as they sample the Earth’s interior globally and
relatively uniformly.

Previous methods for analysing low-frequency seismic
data to determine 3-D Earth structure can be divided into
two classes. One is the surface wave approach (e.g. Woodhouse
& Dziewonski 1984; Zhang & Tanimoto 1993; van Heijst &
Woodhouse 1999), and the other is the normal mode approach
(e.g. Masters et al. 1982; Resovsky & Ritzwoller 1998, 1999).
Both methods consider, either explicitly or implicitly, the effect
of coupling between different normal mode multiplets due to
aspherical structure. In the usual surface wave approach, the
local frequency (Jordan 1978) is used to consider the effect of
3-D Earth structure, which is asymptotically equivalent to
considering coupling between multiplets on the same branch
(Mochizuki 1986; Park 1987; Romanowicz 1987). However,
toroidal-spheroidal (T-S) coupling (including the effect of the
Earth’s rotation) and coupling between multiplets of the same
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polarization (that is, both spheroidal or both toroidal) on
different branches are neglected. In the typical normal mode
approach (e.g. Resovsky & Ritzwoller 1998, 1999), coupling
between modes on the same branch is neglected in practice
(although in principle it could be considered), while other
coupling is considered for a small number of multiplets.

The purpose of this paper is to investigate whether neglecting
to consider a sufficiently wide range of coupling could signifi-
cantly bias the 3-D models obtained by inversion for Earth
structure. To investigate this question, we carry out full coupling
calculations for the period bands 178-185, 282-299 and
347-376 s using the Direct Solution Method (DSM; see Hara
etal. 1991, 1993; Geller & Ohminato 1994). We use the method
of Geller & Hara (1993) for computing the partial derivatives
of synthetic seismograms with respect to the parameters of the
3-D earth model and the method of Hara (1997) for CMT
inversion.

We briefly summarize the DSM here, as it may not yet be
widely familiar. From an algorithmic point of view, the DSM is
neither a modal nor a surface wave approach. Mathematically,
the DSM falls in the category of Galerkin weak-form methods
(see Geller & Ohminato 1994). The solution to the equation
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of motion in the frequency domain is expanded in terms of a
set of trial functions whose expansion coefficients become the
unknowns. This expansion is then substituted into the equation
of motion (which is a partial differential equation), and a set of
simultaneous linear equations is obtained. The solution of this
set of simultaneous linear equations, the vector of expansion
coefficients, is then substituted back into the trial function
expansion to obtain the synthetic seismograms in the frequency
domain. The time-domain synthetics can be obtained by using
the inverse DFT (discrete Fourier transform).

The choice of trial functions for the DSM depends on the
data being modelled. For long-period multiple surface waves,
which are the data considered in this paper, the eigenfunctions
of the degenerate singlets of the spherically symmetric part of
the model are used as the basis (Hara et al. 1991, 1993). As this
basis is also used by the modal approach (e.g. Park & Gilbert
1986; Morris et al. 1987; Resovsky & Ritzwoller 1998), the
DSM synthetics in this study should be essentially equal to
the synthetics that would be obtained using the modal approach
for the same basis. Thus any differences between the DSM
synthetics in this paper and modal synthetics computed in
previous studies should be the result of the larger basis used
here, which ensures essentially full inclusion of coupling in our
synthetics.

For the choice of trial functions used in this study, the system
of linear equations solved by the DSM is identical to that
solved by frequency-domain modal approaches (e.g. Park &
Gilbert 1986; Morris et al. 1987). Such modal approaches
first determine the eigenfrequencies and eigenfunctions (as well
as the dual-space eigenfunctions for non-Hermitian matrices),
and then solve the system of linear equations using modal
superposition. However, the system of linear equations can
also be directly solved without using modal superposition,
which is the DSM approach.

The DSM can also be used to compute complete (that is,
including both body wave and surface wave) synthetic seismo-
grams (e.g. Takeuchi ez al. 2000). For either the computation of
complete synthetics or the calculations in the present study, the
horizontal dependence of the trial functions is given by vector
spherical harmonics. However, for the calculation of complete
synthetics the vertical dependence of the trial functions is given
by linear spline functions rather than the eigenfunctions of
the modes of the spherically symmetric model; also, modified
operators (Geller & Takeuchi 1995) are used to obtain optimally
accurate solutions.

2 INVERSION PROCEDURE

2.1 Model parametrization and unknowns

In the present study, we invert for the 3-D distribution of
rigidity in the upper mantle and uppermost lower mantle. In
future applications, we plan also to include the 3-D distribution
of bulk modulus and density as parameters in our models,
either by assuming appropriate proportionality amongst the
model parameters or by conducting simultaneous inversion of
body wave data (e.g. Takeuchi ez al. 2000). We divide the model
into four layers (11-216, 216421, 421-671 and 671-888 km),
and use a spherical harmonic expansion to represent the lateral
variation in each layer. The maximum angular order is s=38.

As for the earthquake source parameters, we assume that the
trace of the moment tensor is zero. Thus there are nine degrees
of freedom for each event (five moment tensor components, the
centroid time, depth, latitude and longitude).

2.2 Data

We choose 15 earthquakes that occurred in 1992 and 1993
with moment magnitudes Mw>7.0, and analyse the vertical-
component records of the VLP (very long period) channel
stored in the UVFRAM (ultra and very long-period data
in the fast archive recovery method) data set at the IRIS
(Incorporated Research Institutions for Seismology) DMC
(Data Management Center). The duration of each time series is
9 hr. The total number of seismograms is 402. The present study
is preliminary; it will be necessary to enlarge the data set to
obtain a more accurate 3-D earth model in future applications.

We choose three period bands for the inversion: 178-185 s,
282-299 s and 347-376 s. We calculate the Fourier spectra of
the observed seismograms using the FFT (fast Fourier trans-
form algorithm for computing the DFT) with cosine tapering
and conduct deconvolution to remove the instrument response.
We use these observed spectra to conduct the inversion in the
frequency domain.

2.3 Synthetic seismograms and partial derivatives

We use the DSM to compute synthetic seismograms. We use
the eigenfunctions of the degenerate singlets of normal modes
computed for model 1066A (Gilbert & Dziewonski 1975) as
trial functions. Table 1 shows the multiplets used for each of the
above three period bands. In terms of along-branch coupling of
fundamental modes, we consider coupling within the angular
order range +2.

We use the algorithms of Geller & Hara (1993) and Hara
(1997) to compute the partial derivatives of synthetic seismo-
grams with respect to the model parameters of the 3-D Earth
structure and those of the earthquake source parameters,
respectively. The 3-D earth model obtained by each iteration is
used as the starting model for the next iteration.

2.4 Initial model

As the initial model we use model 1066A. We include the effect
of the Earth’s rotation and ellipticity of figure in the potential
energy and density matrices, whose definitions are given by
Hara et al. (1993). We also consider the effect of crustal
heterogeneity using the crustal model of Su et al. (1994). In
future applications, it would be desirable to use a more accurate
crustal model such as CRUST 5.1 (Mooney et al. 1998). We
use the spherically symmetric PREM Q model (Dziewonski &
Anderson 1981). We use the earthquake source parameters
given by the Harvard catalogue for the initial iteration.

2.5 Inversion scheme

We perform each iteration of the inversion as follows. First,
we calculate synthetic spectra using the DSM. We transform
the synthetic spectra to the time domain using the FFT. The
resulting synthetic seismograms are then tapered and trans-
formed back to the frequency domain, thus yielding processed
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Table 1. Multiplets used as trial functions and their eigenperiods for model 1066A.
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synthetic spectra that can be directly compared to the pro-
cessed observed spectra. We obtain the residuals by subtracting
the synthetic spectra from the observed spectra.

We calculate the partial derivatives of the synthetic seismo-
grams with respect to the model parameters of the 3-D model
(we follow the same processing steps described above for the
synthetics to obtain partials that can be directly compared to
the residuals), and invert for the 3-D perturbation to the 3-D
starting model. We then conduct CMT inversion using the
Green’s function computed for the resulting 3-D model.

We iterate the above steps until the changes to the model
parameters are sufficiently small. As noted above, the starting
model and assumed CMT solutions for the second and later
iterations of the inversion are the 3-D model and the CMT
solutions obtained by the previous iteration.

We stabilize the solution following Tarantola & Valette (1982).
We assume that the a priori covariance matrix is diagonal. The
assumed initial uncertainty is 0.1 per cent of the spherically
symmetric shear wave velocity for each component of the 3-D
model parameters, 25 per cent of the maximum value of the
initial moment tensor components for each component of the
moment tensor (except that for shallow events the uncertainty
for M9 and M, is reduced to one-tenth), 10 km for depth, 0.1°
for the latitude and longitude, and 10 s for the centroid time.
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3 RESULTS

3.1 3-D model

Fig. 1 shows the 3-D earth model obtained by five iterations
of the above inversion procedure. Although the data set is
small, this model shows many features that are known to
exist in the upper mantle. For example, in the uppermost layer
(11-216 km), there is a good correlation between the lateral
heterogeneity and surface tectonics such as high velocities
under old continents and low velocities under mid-oceanic ridges
(e.g. Woodhouse & Dziewonski 1984). The high velocities
under old continents, which correspond to the ‘roots’ of con-
tinents (e.g. Lerner-Lam & Jordan 1987), are still prominent in
the second upper layer (216-421 km). The low velocities under
mid-oceanic ridges are not significant in this depth range,
which suggests that the roots of mid-oceanic ridges are shallow
(e.g. Zhang & Tanimoto 1993).

In the transition zone, the most prominent feature is the vast
high-velocity region under the western Pacific. This feature
persists into the uppermost lower mantle, which suggests that
subducting slabs are partially prevented from penetration into
the lower mantle (e.g. van der Hilst et al. 1991; Fukao et al.
1992). The fact that we could obtain this model by analysing
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3-D model

Moho-216 km

421-671 km

671-888 km

-3 0 3

Figure 1. The laterally heterogeneous shear velocity model obtained
by our inversion for each depth range. The lateral heterogeneity is
specified as a percentage of the spherically symmetric S velocity at the
corresponding depth.

a relatively small data set suggests that our technique is
promising for future applications, in which a larger data set
will be analysed.

3.2 Variance reduction

In Fig.2, we show the variance reduction obtained by our
inversion for each period band. The variance reduction is
defined by

o

. . Vo_
variance reduction= (1 — IO/ c) x 100 (per cent), (1)

where V, and V,_., the variance of the observed spectra and
that of the residual spectra, respectively, are defined by

n=J ltobs()2do, P

®Omin

(Dmax
Vo= J |u0bs(w) - ucal(w)‘zdw 5 (3)
Dyin

where o is the angular frequency, wma.x and wpi, are the
maximum and minimum angular frequencies for each band,
respectively, and uops and ug, are the observed and synthetic
spectra, respectively. We also calculate the variance reduction
obtained for the following combinations of earth models and
source parameters: (i) model 1066A and the Harvard CMT
solutions; (i1) our 3-D model and the Harvard CMT solutions;
(iii) our 3-D model and moment tensor solutions and the
Harvard centroid location and time (from left to right in Fig. 2).
For all three cases, the effects of the Earth’s rotation, its
ellipticity of figure and crustal heterogeneity are included in the
calculation. By comparing the variance reduction for the above
three cases to that of our inversion (right-hand side of Fig. 2),
we can judge the relative importance of 3-D Earth structure,
redetermination of moment tensor and redetermination of
centroid location and time in reducing the variance.

In the period band 347-376 s (Fig. 2a), the redetermination
of the moment tensor is the largest factor in reducing the
variance, 3-D structure is the second largest, and changes of
the centroid location and time are the smallest. This suggests the
necessity of redetermination of the moment tensor in analysing
data in this period band. Fig. 3 shows a comparison of the scalar
seismic moment of the best double-couple from the Harvard
catalogue and those obtained by the present study. Generally,
the scalar seismic moments determined in the present study
are larger. Similar results were also obtained by Resovsky &
Ritzwoller (1998). In the period band 282-299 s (Fig. 2b), the
redetermination of the moment tensor and the 3-D structure
have comparable impacts for reducing the variance, while
changes of centroid location and time do not have a significant
effect. In the period band 178-185 s (Fig. 2¢), the 3-D structure
is the major factor for reducing the variance, while the remaining
two factors have minimal impact.

4 SYNTHETIC TEST INVERSIONS

We conduct the following numerical experiments using syn-
thetic test inversions to investigate the effect of coupling
between multiplets on inversion for 3-D Earth structure. In
Section 4.1 we investigate the effect of including or neglecting
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Figure 2. The values of the variance reduction (eq. 1) for the period
bands (a) 347-376 s, (b) 282-299 s and (c) 178-185 s. We calculate the
variance reduction for four combinations of earth models and source
parameters. See the text for details.
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Figure 3. The ratio of the scalar seismic moment of the best double-
couple determined by the present study to that of the Harvard catalo-
gue as a function of the latter.

T-S coupling for the three period bands used in the above
inversion. In Section 4.2 we compare results in the period band
347-376 s considering all coupling amongst the trial functions
to those obtained for the smaller basis used by Resovsky &
Ritzwoller (1998, 1999).

4.1 Effect of toroidal-spheroidal coupling

In order to investigate the effect of T—S coupling on inversion
for 3-D Earth structure, we compare the results obtained
by two analyses for each period band: (i) an analysis that
considers the effect of T-S coupling by including the eigen-
functions of both spheroidal and toroidal modes in the basis
(Table 1), and (ii) an analysis that neglects the effect of T-S
coupling by excluding toroidal trial functions from the basis.
Both analyses fully consider all coupling between the trial
functions in the respective bases. Thus the second inversion
(which neglects T-S coupling) fully considers all coupling
between different spheroidal branches.

We conduct numerical experiments as follows. (i) Calculate
synthetic seismograms for an assumed 3-D earth model. Note
that all coupling for the basis in Table 1 for each respective
period range is fully included in the calculation of the syn-
thetics. These synthetics are treated as the ‘observed data’
in the numerical experiment. (ii) Choose an initial model and
perform iterative waveform inversion using the synthetic
seismograms calculated in (i) as the ‘observed data’. The initial
model for the iterative inversion is model 1066A. We use the
same events used in Section 3 for these numerical experiments,
and select 58 broad-band stations. Thus, the total number of
source—receiver paths is 870. The inversion scheme is the same
as in Section 3, except that the earthquake source parameters
are fixed to the values of the Harvard catalogue. We do not add
any noise to the ‘observations’.
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We choose two models as the 3-D models used to generate
the ‘observed data’ for the inversion experiment. One is a
model that has the laterally heterogeneous structure of the 3-D
model obtained by the inversion in Section 3 in the depth range
216-421 km and no laterally heterogeneous structure outside
this depth range. The other is a model that has the laterally
heterogeneous structure of the 3-D model obtained by the
inversion in Section 3 in the depth range 421-671 km and no
laterally heterogeneous structure outside this range. We use the
first model for the period band 178-185 s and the second model
for the other two period bands (282-299 s and 347-376 s),
since data in the first band and the latter two bands are most
sensitive to structure in these respective depth ranges. We do
not include the effect of crustal heterogeneity in this numerical
experiment.

We first compare the ‘observed data’ to synthetics for a
spherically symmetric model that includes the effect of the
Earth’s rotation and ellipticity. Fig.4 shows the variances of
the residuals (eq. 3) between the synthetics (for the 1-D model)
and the ‘observed data’ (that is, the synthetics for the 3-D
model) specified as a percentage of the variances of the spectra
(eq.2) of the ‘observed data’ for each band. In making this
calculation, uc, is the synthetic calculated for the spherically
symmetric model (1066A) and the given basis (with or without
T-S coupling), including the effects of rotation and ellipticity.
In the period band 347-376 s, the variance when T—S coupling
is neglected is over eight times larger than that for synthetics
that include T-S coupling. This is an expected result, as it is
well known that coupling due to the Coriolis force is significant
in this period band (e.g. Masters et al. 1983). This result con-
firms that it is necessary to include the effect of T-S coupling
in order to extract information on 3-D Earth structure for this
period band. For the period band 282-299 s, the variance

10
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£ .
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o :
° .
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— 4 e e R TR
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O .
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178-185 s 282-299 s 347-376 s

Figure 4. The variances of the residuals (eq.3) are shown for each
period band when synthetics (with and without T-S coupling) for a
spherically symmetric model are compared to the synthetics computed
for the synthetic 3-D model (including the effect of T-S coupling). The
open (left) and hatched (right) bars for each band represent the variance
for 1-D synthetics with and without T-S coupling, respectively.

obtained without considering T-S coupling is significantly
greater (about 30 per cent) than that obtained when T-S
coupling is considered, which suggests that T-S coupling
should also be considered for this period band. (Note that this
is not generally done.) Finally, for the period band 178-185 s
the variance with and without considering T-S coupling does
not change significantly; thus the effect of T-S coupling is
much less significant for this period band.

Figs 5(a)—(c) show the ‘consistency’ between partial derivatives
computed for the initial model (1066A) with and without
consideration of T-S coupling, which is defined by

‘consistency’ between partial derivatives for each s

L (o) () “do
| S == Jomin Ol Jyith7-s OH§ Jithout 7-5
1 =3 (omx| /9 2
Z ( u((j)) ) dw
s t=—s Y Omin au.s with T-S
x 100 (per cent), “4)

where s and ¢ are respectively the angular order and azimuthal
order of the spherical harmonics, p! is the expansion coefficient
of the rigidity, and the quantities with the subscripts ‘with T-S’
and ‘without T-S’ are calculated with and without consideration
of T-S coupling, respectively. Note that in this paper we use s
and 7 to denote the angular order and azimuthal order of the
lateral heterogeneity, respectively, and / to denote the angular
order of each multiplet in the basis. Figs 5(d)—(f) show the
relative values of the denominator of the second term in eq. (4).

In the period band 347-376 s, the values of the consistency
for even s structure are less than those for odd s structure
(Fig. 5a). This is because, due to the selection rules for matrix
elements, fundamental toroidal and spheroidal modes in
this band (()Slg —0T19, 0519 —0T20 and 0520—0T21) are coupled
through even s structure. The consistency decreases as s
increases, because the angular order / of the fundamental mode
multiplets becomes comparable to s (Park 1997). In the period
band 282-299 s, the values of the consistency are generally
larger than those for the period band of 347-376 s (Fig. 5b).
In contrast to the period band 347-376 s, the values of the
consistency for odd s structure are less than those for even s
structure, since fundamental toroidal and spheroidal modes in
this band (0S25 —0T25, ()Sz(, —0T26 and 0S27 —0T27) are coupled
through odd s structure. As was also seen for the period band
347-376 s, the consistency for the period band 282-299 s
decreases as s increases. For the period band 178-185 s, the
values of the consistency are larger than those for the two
longer period bands (Fig. 5¢), which suggests that the effect of
T-S coupling is negligible in this band. This is because s (<8 in
this study) is much less than / (~50 for the fundamental
spheroidal modes in this band) (Park 1997).

The power of the partial derivatives for odd s structure is
relatively smaller than that of the partials for even s structure
for all three period bands (Figs 5d—f). As shown by Backus
(1964), this is due to cancellation of the effect of odd s structure
through surface wave propagation on great-circle paths. Hara
et al. (1993) conducted numerical experiments that fully included
all coupling without using great-circle approximations and
confirmed that the partial derivatives for odd s structure are
considerably smaller than those for even s structure, even when
great-circle approximations are not used.
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Figure 5. The left panels show the ‘consistency’ between partial derivatives (eq.4) for the period bands (a) 347-376 s, (b) 282-299 s and
(c) 178-185 s. The right panels (d—-f) show the relative power of the partial derivatives (the denominator of the second term in eq.4) for these

period bands.
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Figure 6. The ‘consistency’ between the partial derivatives (eq.4)
for two cases: when coupling between (Sj9 and ,S), is neglected
(open squares) and when coupling between (S5 and ,S3 is neglected
(crosses). The value of the ‘consistency’ is 100 per cent except for s=7,
since these modes couple through the odd s(>7) structure.

Due to coupling between ¢Sj9—2S12 and ¢Sz —2S513, the
relative amplitude for s=7 is larger than those for s=3 and
s=5 in the period band 347-376 s (Fig. 5d), despite the fact
that the power decreases as s increases. Fig. 6 shows the con-
sistency between the partial derivatives for two cases: in one case
coupling of ¢S19 —2S1> is neglected and in the other coupling
of 0S50 —2S13 is neglected. Note that coupling between these
multiplet pairs is not included in the basis used by Resovsky &
Ritzwoller (1998, 1999).

Fig. 7 shows results for several inversions of ‘observed data’.
The ‘model consistency’, as defined by the following equation,
is shown for each angular order s for three period bands:

‘model consistency’

t=s
Z J |/'L£(67 ¢)input —,ui.(@, ¢)output‘2 aQ
t=—s
=|1- =5 5
Z J |:ui(07 ¢)input| dQ
t=—s
x 100 (per cent). %)

Since we do not add any noise to the ‘observed data’, the
input model is almost completely recovered when all coupling
is considered (hatched areas in Fig.7). In contrast, when
T-S coupling is omitted from the calculation (open bars
in Fig.7), the model consistency is very small for the period
band 347-376 s (Fig.7a), as the error due to neglecting T-S
coupling is very large. For the analysis of data in the period
band 282-299 s (Fig. 7b), the model consistency for the inver-
sion omitting T—S coupling is greater than roughly 80 per cent
except for s=4. Thus the effect of omitting T-S coupling
significantly biases the model, although the bias is smaller than
for the period band 347-376 s. In both of the above analyses,
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Figure 7. The ‘model consistency’ (eq.5) for each angular order
s obtained in the numerical experiments for the period bands
(a) 347-376 s, (b) 282-299 s and (c) 178-185 s. The left and right
columns for each s in each panel show the values obtained with and
without consideration of T—S coupling.
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there is no systematic difference in the model consistency for
odd and even s structure, which is expected based on the results
shown in Figs 5(a) and (b). This suggests that the discrepancy
between the input and output models is mainly caused by the
variances of the residuals shown in Fig.4, which shows the
importance of T-S coupling due to rotation and ellipticity. For
the inversion of ‘observed data’ in the period band 178-185 s,
the input model is well recovered by the inversion that omits
T-S coupling. This is consistent with the results shown in
Figs 4 and 5(c).

Fig. 8 shows the obtained ‘variance reduction improvement’,
defined by

‘variance reduction improvement’

Vm

= (1 - ﬂ) x 100 (per cent), (6)
initial

where Vipitial and Vg are the variance of the residual spectra

(eq. 3) for the initial and final models, respectively. As expected

from Fig. 4, the variance reduction is small for the inversion

that omits T-S coupling in the period band 347-376 s.

4.2 Comparison to other approaches

Here we conduct an analysis in which only coupling between
multiplets considered by Resovsky & Ritzwoller (1998, 1999,
hereafter cited as RR in this subsection) is included in the
calculation of synthetics. We compare the results of synthetic
inversions for this basis to those obtained for inversions using
synthetics that include all coupling between the multiplets in
Table 1. The ‘observed data’ are synthetics for the 3-D model
that include all coupling. We use the period band 347-376 s;

T-S considered
[7] T-S neglected

Variance reduction improvement (%)

347-376 s 282-299 s

178-185 s

Figure 8. The ‘variance reduction improvement’ (eq. 6) for each
period band. The left and right bars for each angular order s represent
the values obtained with and without consideration of T-S coupling.
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the input model, inversion procedure and source—receiver pairs
are the same as in the above numerical experiment.

The duration of the time series is 60 hr, which is a typical
value for normal mode analyses. In the inversion approach of
RR, a cluster of multiplets such as ¢S3 —3Ss, whose coupling is
considered by RR, must be isolated in the frequency domain by
analysing such a very long time series. In contrast, although
our approach can also be applied to analyses of such long time
series, this is not necessary, as shown above in Section 3, where
the length of the time series was 9 hr.

We calculate the ‘consistency’ between the partial derivatives
for the initial model (1066A) using eq. (4) and substituting the
partial derivatives computed considering all coupling,

(Ou/ O wih s »

and the partial derivatives computed considering only the
coupling included by RR,

(0u/ Ol without T-s

(Fig. 9a). Note that we compare the partial derivatives of the
synthetic spectra over the entire frequency band used for
the inversion. We also show the relative power of the partial
derivatives for both calculations (Fig. 9b).

The partial derivatives agree fairly well for even s structure,
but do not agree well for odd s structure (Fig.9a). This is
because coupling due to odd s structure is considered by
RR only for the pair 453 —3Sg in this period band. However,
coupling due to odd s structure between multiplets along
the same branch and coupling of (Sj9 —2S1> and ¢S2 —2S13,
none of which is considered by RR, makes a significant con-
tribution to the synthetic spectra. Since the pair ¢S3 —3Sg does
not couple for s=1 and 3, the relative power of the partial
derivatives computed considering only this coupling, and thus
also the ‘consistency’ between partial derivatives, is zero for
these angular orders (Fig. 9b). The ‘consistency’ between partial
derivatives for s=5 and 7 is not zero, but is very small.

The above results suggest that our inversion approach makes
it possible to extract further information on odd s structure
than can be obtained by previous approaches. Although the
relative power of the partials for odd s structure is smaller than
that for even s structure, they are expected to be comparable to
those for higher-order even s structure (say s~ 12) based on the
trend in Fig.9. Note that the relative power of the partial
derivatives computed considering all coupling for s=7 is larger
than those for other odd s structure. This is due to significant
coupling between (Sj9—2S12 and ¢Sz —2S513, as shown in
Section 3 (Fig. 6).

We perform three synthetic inversions: (i) inversion for 3-D
structure using the partial derivatives computed considering
all coupling, (ii) inversion for only even s structure using the
partial derivatives computed considering only the coupling con-
sidered by RR, and (iii) inversion for only even s structure using
the partial derivatives computed considering all coupling. We
do not invert for odd s structure in (ii) because, as mentioned
above, the relative power of the partial derivatives for s=1 and
3 is zero, which makes inversion for these angular orders
numerically unstable. (In the inversion approach of RR, the
isolated cluster of multiplets of 453 —3Ss is used for inversion
for odd s>5 structure, and such instability does not occur.)

Fig. 10 shows the results for the above synthetic inversions.
Since we do not add any noise to the ‘observed data’, the
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Figure 9. (a) The ‘consistency’ between the partial derivatives (eq. 4)
computed considering all coupling and computed considering only
the coupling included by RR. (b) The relative power of the partial
derivatives computed considering all coupling (solid squares) and
computed considering only the coupling included by RR (open triangles)
for each angular order.

input model is almost completely recovered by (i). The even s
lateral heterogeneity is well recovered by (ii) and (iii). Thus,
unmodelled odd s structure does not significantly affect the
estimates of even s structure. Fig.1l shows the variance
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Figure 10. The ‘model consistency’ (eq. 5) for three inversions. The
left column for each angular order is the ‘model consistency’ for the
inversion for all structures considering all coupling; the middle column
is that for the inversion for even s structure considering only coupling
included by RR; the right column is that for the inversion for even s
structure considering all coupling. The ‘model consistency’ for odd
s structure is not shown for the latter two cases.

Variance reduction improvement (%)

Limited coupling Full coupling

Full coupling

for even s for even s

Figure 11. The ‘variance reduction improvement’ (eq. 6) for three
inversions. (Left) the value for the inversion for all structure con-
sidering all coupling; (middle) for the inversion for even s structure
considering only coupling included by RR; (right) for the inversion for
even s structure considering all coupling.
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reduction improvement (eq. 6) for each of the three synthetic
inversions. The variance reduction obtained for (iii) is better
than that for (ii).

5 DISCUSSION

In this study, we performed simultaneous waveform inversion
for 3-D Earth structure and earthquake source parameters using
the DSM to compute synthetics and the inversion algorithms
of Geller & Hara (1993) and Hara (1997). We investigated
the importance of considering a wide range of modal coupling
by conducting numerical experiments. We confirmed the well-
known fact that the effect of T-S coupling is particularly
important in the period band 347-376 s. Although Resovsky &
Ritzwoller (1998, 1999) recently conducted inversion including
T-S coupling and coupling for several pairs of multiplets, our
numerical experiments show that it is necessary to consider
a wider range of coupling in order to obtain accurate infor-
mation on odd angular order structure. We found that the
effect of T-S coupling is also significant in the period band
282-299 s, for which previous analyses have generally neglected
T-S coupling. In the period band 178-185 s, the effect of T-S
coupling is negligible. Neglecting T-S coupling for the last
band makes it possible to reduce significantly the CPU time
required for the inversion. However, as shown by Park & Yu
(1992) and Yu & Park (1994), this holds only for isotropic
models, and it is necessary to include toroidal mode eigen-
functions in the basis when anisotropic structure is being
investigated.

Since, as shown in this paper, full-coupling calculations can
be carried out in a straightforward manner using the DSM,
there is no reason for future studies in long-period seismology
to continue to neglect all potentially significant coupling.
It appears difficult to extend the surface wave approach to
include interbranch and toroidal-spheroidal coupling. On the
other hand, the modal approach can in principle easily include
all significant coupling simply by enlarging the basis used in
the interaction matrix (see e.g. eq. 5 of Resovsky & Ritzwoller
1998). However, application of the inversion approach of
Resovsky & Ritzwoller (1998, 1999) to higher frequencies
(say higher than 4 mHz) might be difficult, because they first
determine structure coefficients (¢! in their paper) and then
determine 3-D Earth structure by inverting the structure
coefficients. Since the number of pairs of multiplets that signi-
ficantly couple increases with increasing frequency, the number
of structure coefficients that must be determined will increase
considerably for higher frequencies, which might make their
approach impractical.

In contrast, the inversion algorithms of Geller & Hara (1993)
and Hara (1997) can readily be applied to higher-frequency
data, as structure coeflicients are not needed as intermediate
results. Note that it is not necessary to compute synthetics
using the DSM in order to use these inversion algorithms,
which require only that synthetics be calculated accurately for
each earthquake source and that back-propagated synthetics
be calculated accurately for each receiver component; modal
superposition, the DSM or any other accurate approach can
equally well be used to compute the synthetics. It appears to us
that these inversion algorithms are preferable to the splitting
function approach, irrespective of which technique is used to
compute the synthetics.
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